The prime objective of this work is to deal with the kinematics of spatial hybrid manipulators. In this direction, in 1955, Denavit and Hartenberg proposed a consistent and concise method, known as D-H parameters method, to deal with kinematics of open serial chains. From literature review, it is found that D-H parameter method is widely used to model manipulators consisting of lower pairs. However, the method leads to ambiguities when applied to closed-loop, tree-like and hybrid manipulators. Furthermore, in the dearth of any direct method to model closed-loop, tree-like and hybrid manipulators, revisions of this method have been proposed from time-to-time by different researchers. One such kind of revision using the concept of dummy frames has successfully been proposed and implemented by the authors on spatial hybrid manipulators. In that work, authors have addressed the orientational inconsistency of the D-H parameter method, restricted to body-attached frames only. In the current work, the condition of body-attached frames is relaxed and spatial frame attachment is considered to derive the kinematic model of a 7-degree of freedom spatial hybrid robotic arm, along with the development of closed-loop constraints. The validation of the new kinematic model has been performed with the help of a prototype of this 7-degree of freedom arm, which is being developed at Council of Scientific & Industrial Research-Central Scientific Instruments Organisation Chandigarh to aid the surgeon during a medical surgical task. Furthermore, the developed kinematic model is used to develop the first column of the Jacobian matrix, which helps in providing the estimate of the tip velocity of the 7-degree of freedom manipulator when the first joint velocity is known.
Introduction
A robotic manipulator is generally characterized by its mechanical structure, which is a direct measure of its kinematic complexity. For example, a manipulator with an open-loop arrangement of links is the simplest form of the mechanical structure, whose kinematic description is a cakewalk. These manipulators are generally used in industries for different operations such as pick and place, welding, painting and gluing. However, as the structure becomes more complex, a manipulator with closed kinematic arrangement of links can be characterized as a closed-loop manipulator. Such manipulators are generally used in lifting and packaging applications. The kinematic description of closedloop manipulators is complicated as compared to open-loop manipulators. Furthermore, if these two classes are combined, the resulting offspring can be referred as a hybrid manipulator having more complex structure as compared to its parents. Moreover, the geometry of the links has a significant effect on the kinematic description of hybrid manipulators, as both open-and closed-loop serial chains might contain planar and spatial links. Such manipulators are used in space vehicles, medical/surgical applications and so on.
The real-time operation of robotic manipulators is governed by an accurate kinematic model, which reveals the relationship between joint variables and toolconfiguration vector. Active research in the area of kinematic modeling of serial manipulators has been initiated in the mid of 20th century. In this direction, a pioneer effort was made by Denavit and Hartenberg 1 in 1955 when they proposed a consistent, concise approach of assigning the coordinate frames at the joints of a serial manipulator. The proposed method was popularly recognized as D-H notation.
In order to define the link shape and its joint motion, four kinematic parameters are defined, widely known as D-H parameters. The two out of the four parameters, link length and link twist, describe the link shape, while the rest two, joint offset and joint angle, describe the joint motion. 2 Later, this notation was modified twice: the first modification, familiar as the distal version of D-H notation, was proposed by Kahn and Roth 3 and second modification, referred as the proximal version, by Featherstone. 4 It made parameter identification easier. 5 Furthermore, Paul 6 and Shilling 7 popularized the distal variant, whereas Craig 2 has promoted the proximal variant. From exhaustive literature review, authors observed that from the application point of view, first modified version is preferred over original and proximal counterparts. 8 In the dearth of a universal method for developing kinematic model of various robotic manipulators, the revisions of D-H notation have been performed from time-to-time. In this context, Sheth and Uicker 9 have proposed a method, known as S-U method, which describes the arm kinematics. The proposed method is thoroughly generalized and applicable to all kinds of mechanisms like open-and closed-loop, hybrid robots or robots having tree-like structure. Moreover, this method has a significant contribution in resolving the issue of multi-parameters sets, encountered in the case of D-H notation. Later, by following this method, a lot of researchers [10] [11] [12] [13] [14] [15] [16] [17] [18] have presented appreciable contributions. However, due to the use of non-minimal parametric form and requirement of two coordinate frames per link for any serial chain, this method is preferred to closed-loop robots only.
During the application of D-H parameter method on a multiple-loop mechanism, the issue of multiple parameter set arises, which can be resolved by new method given by Khalil and Kleinfinger. 19 It was reported by Flu¨ckiger and colleagues 20, 21 that over the S-U method, the above method used lesser parameters for describing joint motion and shape of the link. Later, based on this method, significant contributions have been presented by many researchers. [22] [23] [24] [25] [26] [27] [28] [29] [30] The closedform solutions of dynamic model 22 were derived for Gough-Stewart platform. In order to compute dynamic models of parallel robots, Khalil and Ibrahim 23 have developed a general method. They have also developed a novel solution 24 for dynamic modeling of three Revolute-Prismatic-Spherical (3-RPS) parallel robot.
Direct and inverse dynamic modeling, using recursive Newton-Euler formulism, is performed to obtain the set of base parameters. This modeling was intended for closed-loop, tree and parallel-type robot structures. 27 Furthermore, another extension of D-H notation has been made by Thomas et al. 31 Since the application of D-H notation to multi-degree of freedom (DOF) parallel and hybrid robotic arms containing spherical or Cardan joints results in non-unique parametric representation, it has been reported by Thomas et al. that there is no direct method to model parallel manipulators. In order to broaden the utility of D-H notation, Thomas et al. extended this method by proposing a unified method. The proposed method is applicable to serial, parallel and hybrid manipulators, and it is unified in the sense that spherical joints are represented uniquely. Also, for the representation of a spherical joint, the unified method uses only 5 parameters compared to the 12 parameters used by D-H notation.
From the above discussion, it is observed that application of D-H parameter method to kinematic chains other than open-loop and serial type leads to inconsistencies 32 in the corresponding kinematic model. In this context, problem of multi-parameter set arises when this method is applied to mechanisms containing link(s), ternary, quaternary and so on, with more than two connection points. Also, it has been pointed out by Khalil and Kleinfinger that D-H notation leads to uncertainty when applied to closed-loop robotic arms. However, it has been reported by Siciliano et al. 33 that D-H parameter method may be applicable to the closed-loop manipulators by virtually breaking one, which is the most appropriate, of the joints of a kinematic chain. While doing the same, it is assumed that the broken joint no more remains as an actuated joint. It results into an equivalent, tree-structured, open-chain configuration to which application of D-H notation is possible. In the present work, proximal version of D-H notation is applied to the manipulator for medical applications (MMA) which is a spatial hybrid manipulator. MMA consists of both open-and closed-loop (a parallelogram) kinematic chains containing planar and spatial links. Two feasible ways of deriving the kinematic model are presented. Out of these, only one method accounts for the parallelogram constraints, which is presented in the subsequent sections. Finally, a complete kinematic model by incorporating parallelogram's constraints has been developed. The validation of the kinematic model is presented with the help of a case study of MMA, which is a device operated by the surgeon in a master-slave mode in a typical robotassisted surgery. During a surgical operation, MMA is considered as the master and the moves executed by the surgeon are recorded with the help of MMA, which are thereafter transferred to the patient-side manipulator.
From above discussion, it is concluded that D-H notation of kinematic modeling cannot be applied for the considered MMA. This is mainly due to two reasons. First, D-H notation is applicable to serial chains only, whereas MMA is a spatial hybrid manipulator. Second, complex kinematic configuration of MMA, which rules out the application of D-H notation until one joint is assumed to be broken.
The major contributions of the present work are as follows:
The complete kinematic model of the 7-DOF hybrid manipulator is derived in this article along with the development of the closed-loop constraints. Furthermore, the developed kinematic model is validated with a physical prototype. Application of D-H parameter method to a 7-DOF spatial hybrid manipulator is presented, which had been reported as a method limited to open-loop manipulators only. An attempt is further added for Jacobian development of the hybrid structure for end-effector velocity estimation. The strategy can be utilized for workspace analysis or for singularity analysis for identifying domains of good working conditions.
The article is structured into four main sections. In section ''Hybrid manipulator: development of the kinematic model,'' the complete kinematic model of MMA is developed. Section ''Validation of the kinematic model'' validates the developed kinematic model geometrically and physically with a prototype of MMA in three different poses. Section ''Velocity mapping of MMA'' provides the velocity mapping from joint-space velocities to the Cartesian-space velocities by developing the Jacobian matrix. Finally, section ''Conclusion'' highlights the findings of this article.
Hybrid manipulator: development of the kinematic model A hybrid manipulator is described as a blend of serial and parallel chains, 14 a mixture of open and closed chains or a sequence of parallel mechanisms. 15 Such a manipulator removes the deficiencies of serial and parallel manipulators. 17 The accuracy of such manipulator is analogous to parallel manipulator and workspace analogous to serial manipulators, for example, lower payloads, less accuracy and precision, heavy structure in the case of serial manipulators and lesser workspace, and existence of singular points within the workspace in the case of parallel manipulators.
14 Figure 1 shows a hybrid manipulator which is an integration of different kinematic arrangements as shown in Figure 2 (a) and (b), respectively.
The IRB260, a combination of two parallelogram linkages made by ABB Company, is an example of hybrid manipulator whose kinematic study has been performed by Shi et al. 16 Other hybrid manipulators being considered in the literature are Cassino Hybrid Manipulator, UPSarm from the California University, Davis (USA) and so on. 14 Furthermore, in this section, a 7-DOF hybrid manipulator, to be used in medical surgeries, is considered for kinematic analysis. The development of kinematic model is presented in five phases. The first phase (section ''Kinematic study of MMA'') presents the kinematic study of MMA. In the second phase (section ''Development of the closed-loop constraints''), the kinematic position constraints, imposed by closed-loop part of the spatial hybrid manipulator, are developed. In the third phase (section ''Inclusion of parallelogram linkage in kinematic model of MMA''), an attempt is made to include the parallelogram linkage (closed chain) in the kinematic model. Thereafter, in the fourth phase (section ''Development of the kinematic model''), the kinematic model of the hybrid manipulator is developed. Finally, in the last phase, developed model is successfully validated using the developed prototype of MMA.
Kinematic study of MMA
The physical prototype of MMA, which is being developed at the Council of Scientific & Industrial Research-Central Scientific Instruments Organisation (CSIR-CSIO) Chandigarh, is shown in Figure 3 (a), whereas its basic mechanical structure (in assumed home position) is shown in Figure 3 
, L 6 and L 7 ) are spatial. Moreover, the hybrid manipulator contains one ternary joint between the links L 2 , L 3 and L 3 a. Rest of the joints are binary in nature and of revolute type. The MMA has seven DOFs and imparts the surgeon with all of the distinct motions of a human arm. Here, it is important to mention that from exhaustive literature review, no direct method to model such manipulators having spatial links was found. For the same, a case study of MMA is presented in section ''Development of the closed-loop constraints''.
Development of the closed-loop constraints
As already mentioned, the spatial hybrid manipulator contains both open-and closed-loop chains. This section presents the development of kinematic position constraints, imposed by the parallelogram linkage (closed-loop part) of the hybrid manipulator.
As shown in Figure 4 (a), the frame (f 4 ) is affixed to proximal end of spatial link L 4 and (f 4 00 ) is affixed to the distal end of link L 3 . Both these frames represent the same point in Cartesian space. Now, f 4 and f 4 00 can be transformed to base frame (f 0 ) by considering serial chains SC 1 and SC 2 , respectively. The serial chain Table 1 gives the D-H parameters of serial chain SC 1 . Now, desired transformation can be obtained as
The transformation of ith frame to (i 2 1)th frame is calculated using homogeneous transformations. 6 For brevity, we write 
Equation (2) gives the tool-configuration vector (pose) of frame f 4 00 relative to f 0 . The position vector corresponding to this can be written as 
Case 2. Now, the frame f 4 00 can be transformed to f 0 when serial chain SC 2 is considered. The frame assignment and D-H parameter calculation are done by same method as in path 1. These parameters are given in Table 2 . The desired pose is obtained as follows 
Now, as reported by Siciliano et al., 33 for a closed-loop robot having last joint as revolute, the position constraints of a parallelogram linkage can be obtained as 
After simplification, the position constraints can be written as
From the parallelogram linkage (L 3 , L 3a , L 3b andL 4 ), it is found that a 4 0 = a 3 and a 3 00 = a 3 0 . Using these relations, the constraints can be simplified as Equations (10)- (12) give the position constraints of the parallelogram linkage of MMA. Out of the three, two are independent, as first two of them are same. It is expected because the parallelogram linkage is planar in X-Z plane, so the constraint in y-direction does not exist.
In order to fulfill these constraints for selection of any value of a 3 and a 3 0 , it follows that
Thus, for mapping of the frames f 4 and f 4 00 to frame f 0 , the joint vector q 0 = u 1 , u 2 , u 3 and u 3 0 ½ can be used instead of q 0 = u 1 , u 2 , u 3 , u 3 00 and u 4 00 ½ .
Inclusion of parallelogram linkage in kinematic model of MMA
In this section, an attempt is made to develop the kinematic model of MMA, using the kinematic approach It can be noted that equation (16) contains joint variables u 1 , u 2 , u 3 and u 3 0 only. At this point, parallelogram linkage condition of 2-DOF system gets embedded into the kinematic analysis of MMA. Now, it is desired to transform the frame (f 5 ), attached to distal end of link L 4 , into frame f 4 (refer Figure 5 ). In the past work of Singh et al., 34 it was assumed that frames are strictly attached to links (body-frame attachment) to do the same. However, in the present work, there is no such assumption and frames are assigned according to the proximal version of D-H notation. At this point, it is important to add about the locality of the origin of frame f 4 , which is in three-dimensional Cartesian space. 
Development of the kinematic model
In this section, the extended D-H notation is demonstrated for the considered MMA. The line diagram of MMA, with attached frames, is shown in Figure 6 . Also, the corresponding D-H parameters are marked and are stated in Table 3 . It is to be noted that last row is not a part of the mechanism chosen for the kinematic model. The selected kinematic chain (from base to endeffector) is through links L 3a and L 3b . The variable u 3 0 is associated with link L 3 which is not a part of selected kinematic chain, so it is placed at the last rows of Table 3 . At this point, a comparison of Table 3 of Singh et al. 34 and Table 3 of the present work is made and the result shows that the significant difference lies in the joint offset d 4 . In the former case, it is zero, whereas in the latter, it is non-zero.
In kinematic analysis, four spatial frames (shown in figures) are used out of which frame f 4 does not contribute a joint variable, that is, constant joint angle u 4 . Now, the complete forward kinematic model of MMA taking parallelogram linkage into account can be derived as 
Thus, equation (17) provides the complete relationship between joint variables and tool-configuration vector of the considered spatial hybrid manipulator.
Validation of the kinematic model
In this section, the verification of the kinematic model (developed in section ''Development of the Kinematic Model'') is carried out in two stages. In the first stage, the model is validated geometrically, whereas in the second stage, the model is validated physically using the developed MMA prototype. Both stages are explained below.
Geometrical validation of the kinematic model
In this section, the developed model is validated geometrically by substituting D-H parameters (refer Table 3 ) corresponding to assumed home position ( Figure 6 ) in equation (17) . The validation result is given by (18) with Figure 6 shows that position and orientation obtained from the developed kinematic model is in agreement as given by the figure.
Physical validation of the kinematic model
To validate the developed kinematic model, three postures have been selected from the normal movements of a surgeon, as shown in Figures 6-8 . For each posture, tip coordinates of the prototype are first measured analytically using the proposed kinematic model. To perform this, all the parameters (link lengths and joint offsets) of the prototype are measured with a Digital Vernier Caliper (made of stainless steel with a rated accuracy of 0.02 mm). The measured values are reported in Table 4 . The difference in the three selected configurations is presented in Table 6 , which are used to compute the analytical solutions of all postures.
However, for geometrical solution of the physical prototype, the manipulator images are projected on a white board with the grid lines marked over it. The base of the manipulator is taken as the origin and is projected on the board. Table 5 presents the results of these geometrical measurements using the physical model versus the analytical calculations, along with the root mean square (RMS) error values for all the three poses. These results are in close agreement with each other. Many poses are tried in actual practice; however, only three of them are reported in this article. It was observed that the RMS error in most of the poses is of the same order as reported in Table 5 except the case where u 2 becomes + 90°or 290°. In either of the two cases, the gravity loading is maximum as the moment arm is maximum and the RMS error is 0.62 mm. For medical applications, the accuracy can be further improved using more sophisticated measurement tools such as a laser sensor or a vision-based mapping. In general, the desired accuracy in tracking applications can be achieved by developing a suitable controller. The possible reasons of these reported errors include mechanical and measurement inaccuracies. These sources of the errors are planned to be taken care in the next generation of the prototype.
Velocity mapping of MMA
In this section, the authors develop the differential relationship from the given forward kinematics model, which is helpful in determining the tip velocity from the given joint velocities. The differential relationship is developed with the help of a Jacobian matrix, which gives the mapping from joint-space velocities to the Cartesian-space velocities of the tip of the manipulator. As the development of the Jacobian of a 7-DOF manipulator is a cumbersome process, the authors limit its development to first column only, which is helpful in estimating the effect of the first joint velocity ( _ u 1 ) on the tip velocity of the manipulator.
The forward kinematics of a manipulator can be represented in compact form as where u is the 7 3 1 joint position vector, which is based on each joint movement of 7-DOF MMA. Using equation (17) , the tip coordinates of the tip of MMA with respect to base are given as
If the above relations are observed carefully, it can be found that the z coordinate does not depend on u 1 , whereas the tip coordinates x and y can be easily decoupled into two parts, that is, the first part completely depends on u 1 and the second part is completely independent of it. As the authors are interested in showing the dependence of tip velocity of MMA based on the first joint velocity, it is better to show the joint position vector u in decoupled form as
The tip coordinates of MMA given above can be written in compact form as
where 
The differential relations of tip coordinates with respect to time are given as
where rp T 1 and rp T 2 show transpose of the 6 3 1 gradient vectors, which are completely independent of u 1 . The above differential relation can be written in compact form as
where J u ð Þ represents the Jacobian matrix, which maps the 7 3 1 joint velocity vector _ u to the 3 3 1 Cartesian or the tip velocity vector of MMA. The Jacobian matrix also maps to the angular velocity vectors of the tip, which is not considered here. After neglecting the angular velocities, the dimension of Jacobian matrix is 3 3 DOFs, that is, 3 3 7. In decoupled form, the above relation is written as
where
5 is a 3 3 1 matrix, representing the first column of Jacobian matrix. Similarly,J is a 3 3 6 matrix, representing the remaining six columns. In order to see the effect of first joint velocity on the tip velocity, the joint velocity vector is chosen as _ u = 1 0 0 0 0 0 0 ½ T . Certainly, the tip velocity will increase when the contribution of the remaining six joint velocities are taken into account.
The 7-DOF proposed manipulator enables a surgeon to operate without restrictions (at the master side). The moves executed by the surgeon are recorded during a surgical operation, which are further transferred to the patient-side manipulator. Three random postures are selected from the virtual moves normally taken by a surgeon. One such posture is presented in the newly added image presented in Figure 9 , corresponding to the manipulator configuration shown in Figure 8 . For velocity mapping, pose 3 is considered, as shown in Figure 8 . Its equivalent close configuration achieved by the physical prototype of MMA is shown in Figure 9 .
By inserting values of all the parameters from Table 4 and all the joint variables with respect to pose 3 from Tables 3 and 6 , the tip velocity of the MMA is calculated as The above relation provides a good estimate of the tip velocity of the MMA due to the first joint velocity, which comes in the velocity range required for medical applications. Presently, the authors are working on the complete development of the Jacobian matrix of this spatial hybrid manipulator, which will be presented in near future. 
Conclusion
In the current work, an effort has been made to implement the D-H parameter approach to a hybrid manipulator. The following conclusions are drawn from the current work:
The developed kinematic model has been successfully implemented on MMA, which is a surgeonside manipulator for assisting him during medical surgeries. The kinematic model developed in this article can be extended to similar manipulators with more number of loops. From the literature, it was found that the D-H notation is applicable to open chains only. However, in this work, the complete kinematic model of a hybrid manipulator, which is a 7-DOF robotic arm having both open-and closed loops along with planar and spatial links, has been developed. To validate the derived kinematic model, the actual kinematic parameters of the physical prototype of MMA were measured. The validation has been performed for three different poses as explained in section ''Physical validation of the kinematic model.'' Table 5 has been analyzed from the viewpoint of root-mean-square error. The RMS error values are within acceptable range. It has been shown that the results of developed kinematic model are in close agreement with the geometric results. In order to obtain the estimate of the tip velocity for a known first joint velocity, the development of the Jacobian matrix has been presented in this work. The strategy can be utilized for workspace analysis or for singularity analysis for identifying domains of good working conditions.
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